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A numerical study has been performed by using a combined Euler and Lagrangian method on the convective
heat transfer of Cu and Al2O3 nanofluids under the turbulent flow conditions. The effects of volume fraction of
nanoparticles, nanoparticle sizes, and nanoparticle material are investigated. The mechanism of convective heat
transfer enhancement in nanofluids has also been investigated, by studying the influence of particle dispersion
and two-way interaction between fluid and particle temperature. The results show significant enhancement of
heat transfer of nanofluids. The numerical data are compared with the correlation data of the experiments and
reasonably good agreement is achieved.

DOI: 10.1103/PhysRevE.81.016304 PACS number�s�: 47.61.�k, 47.27.E�, 44.35.�c

I. INTRODUCTION

With technological developments in thermal engineering
and thermoscience, which have very high thermal load and
require sophisticated cooling technologies, many efforts have
been devoted to heat transfer enhancement. Among the vari-
ous methods investigated to improve the heat transfer, sus-
pension of nanoparticles in liquid gained considerable inter-
est among researchers ever since Choi �1� stably suspended
nanoparticles in liquid and showed an improved thermal con-
ductivity in these new solid-liquid suspensions. He termed
this new fluid as nanofluids, where nanoparticles with at least
one of their dimensions smaller than about 100 nm are sus-
pended in liquid medium.

Over the years, researchers have extensively studied the
thermal conductivity of nanofluids, and they found an
anomalous increase in the thermal conductivity even at low
volume concentrations ���5%� of suspended nanoparticles
�2–7�. To explain the reasons for the anomalous increase in
the thermal conductivity of nanofluids, based on the experi-
mental �2–4,6,8� and theoretical studies �9–12�, three main
possible mechanisms were suggested: dispersion of nanopar-
ticles, the nature of heat transport in nanoparticles, and the
effects of nanoparticles clustering. Dispersion of nanopar-
ticles alters the fluid composition and affects the energy
transport process in the nanofluids; thus influencing the ef-
fective thermal conductivity of nanofluids �11,12�. Jang and
Choi �13�, for the first time, developed a dynamic model that
includes the convection induced by the Brownian motion of
nanoparticles. They indicated that the Brownian motion pro-
duces convection like effects at the nanoscale; it therefore
enhances the thermal conductivity of nanofluids. They also
suggested that the decreasing nanoparticle size increases the
thermal conductivity in nanofluids due to the enhancement of
the Brownian force at reduced particle sizes. However, Mur-
shed et al. �14� argued that the model assumed macroscale
convection behavior at the nanoscale by invoking macroscale

correlations for flow around a solid sphere. Nie et al. �15�
indicated that the enhancement of thermal conductivity due
to the Brownian motion of particles is less than 5%. Murshed
et al. �5� and Eastman et al. �9� showed that the interfacial
interactions among the particles and liquid enhance energy
transport inside the liquid and also effects heat transport in
nanoparticles. It was, experimentally by Zhu et al. �7� and
numerically by Xuan and Li �10�, shown that the clustering
of nanoparticles affects the effective thermal conductivity of
nanofluids negatively. Though various theoretical models
were proposed to understand the effective thermal conduc-
tivity of nanofluids, all models are usually applicable to lim-
ited data. The present authors, Kondaraju et al.�16� using the
model presented in this paper, have previously shown that all
three mechanisms discussed above have significant effect on
the increase of the thermal conductivity of nanofluids �the
paper has been accepted by Int. J. Heat Mass Transfer�.

For applying nanofluids in practical uses, it is necessary to
move beyond static thermal conductivity measurements to
explore the convective heat transfer behavior of nanofluids.
However, it is noticed that very few publications have dealt
with the convective heat transfer of nanofluids. Experiments
carried out to measure the convective heat transfer coeffi-
cient of nanofluids, in both turbulent and laminar regimes,
indicated the dependence of Nusselt number on the various
properties of nanofluids, e.g., the volume fraction of nano-
fluids, density of nanoparticles and base fluids �17–19�.
Maiga et al. �20,21� performed numerical simulations to
study the convective heat transfer in nanofluids by assuming
the nanofluid as a single phase fluid. They adopted the nano-
fluid as a single phase fluid with changed physical param-
eters such as density, thermal conductivity, and viscosity in
the single phase flow method. The physical properties of
nanofluids �density, thermal conductivity, and viscosity� were
predicted by assuming that the nanoparticles were well dis-
persed in the base fluid. He et al. �22� studied the convective
heat transfer of TiO2 nanofluids under the laminar conditions
using an Eulerian-Lagrangian two-phase model. Due to the
direct interaction of particles with fluid medium, the assump-
tions made in single phase models are no longer necessary
while using this model. However, He et al. �22� did not con-*Corresponding author. joonlee@yonsei.ac.kr

PHYSICAL REVIEW E 81, 016304 �2010�

1539-3755/2010/81�1�/016304�10� ©2010 The American Physical Society016304-1

http://dx.doi.org/10.1103/PhysRevE.81.016304


sider the van der Waals force between nanoparticles, thus
neglecting the coagulation of nanoparticles in the fluid. They
also neglected the two-way temperature coupling effects be-
tween particles and fluid.

All the above mentioned papers reported the effects of
different properties of nanofluids �i.e., volume fraction of
nanofluids, density of nanoparticles, and Reynolds number of
fluid� on the Nusselt number of nanofluids. But these papers
failed to mention the mechanism of increase in heat transfer
in nanofluids. In this paper, the authors examine the effects
of volume fraction of nanofluids and size of nanoparticles on
the convective heat transfer in nanofluids. While a fair
amount of study has been performed to understand the ef-
fects of Brownian motion and thermal transport in nanopar-
ticles on thermal conductivity of nanofluids, no such study
has been performed to understand the increase in convective
heat transfer in nanofluids. The authors will try to understand
the effect of these phenomena in the present paper.

To perform the numerical simulations, multiphase Navier-
Stokes equations has been used, where fluid phase was
solved using Eulerian frame and particle phase was solved
using Lagrangian frame of reference. Three possible mecha-
nisms, dispersion of nanoparticles, the nature of heat trans-
port in nanoparticles, and the effects of nanoparticles cluster-
ing, responsible for the anomalous increase in the thermal
conductivity of nanofluids, were modeled as different terms
in the nanoparticle momentum and temperature equations.
Dispersion of nanoparticles was taken care by applying
forces such as the Brownian force, thermophoresis force and
van der Waals force in the nanoparticle momentum equation.
The coagulation of nanoparticles was also controlled by the
van der Waals force acting on the adjacent nanoparticles.
Interfacial interaction between particles and liquid was mod-
eled by an addition of a temperature source term to the fluid
temperature equation.

The authors, Kondaraju et al. �23�, had previously devel-
oped a two-phase flow model to study the dispersion of solid
particle in fluid medium. Here the authors extended the
model to account for the nanoparticle forces acting on the
particles and suspension of multisized particles in the fluid
medium. Details of mathematical and numerical models are
provided in the next section followed by the discussion of
the present results.

II. MATHEMATICAL MODEL

Nanoparticles used in the simulations are characterized by
an aerodynamic and thermal response time. The particles
have no volume displacement, so it is impossible for a par-
ticle to occupy more than one computational cell at any in-
stance of time. Thus interpolation has been performed to
obtain the fluid velocities at the particle positions. While
performing the fluid interpolation, a proper grid length has to
be chosen to ensure accurate interpolations. Method of
choosing grid length has been discussed in the section “Nu-
merical methods and flow conditions.” Fluid interpolation
cell corresponding to a particle is obtained by dividing the
particle coordinates with the grid spacing. When particles
land precisely at the domains of xj =2�, where j=1,2 ,3,

particles were considered to have exited the flow domain and
were therefore wrapped around the opposite domain bound-
ary before performing the fluid interpolation. The details of
particle and fluid equations are given below.

In the Lagrangian frame of reference, the equation of mo-
tion of nanoparticle and time dependent particle temperature
equation are given by

�dxi
n�/dt � vi

n, �1�

dvi

dt
= FDi + FBi + FTi + FVi, �2�

dTp

dt
=

Nu

�T

�� f − Tp�
2

, �3�

where xi
n and vi

n vp are the instantaneous particle position and
velocity of the nth particle, respectively. Subscript i repre-
sents the tensor notation. �T is thermal response time of the

particle and given as �T=
�pcpdp

2

12kf
. kf, dp, cp, and �p are the

nanoparticle thermal conductivity of the base fluid, diameter,
specific heat and density of the particle, respectively. Nu is
the Nusselt number, which is calculated using Ranz-Marshall
correlation.

Nu = 2 + 0.6 Rep
1/2 Pr1/3, �4�

Rep
1/2 is the particle Reynolds number and is calculated in the

above equation using dp /2 as the characteristic length. � f is
the fluid fluctuation temperature in the neighborhood of the
particle and Tp is the temperature of the particle.

FDi is the hydrodynamic drag force from the fluid, which
is calculated by applying the Stokes law �24�

FDi =
1

�p
�ui�xi

n� − vi
n� , �5�

�p =
�pdp

2

18	� f
, �6�

�p is the particle aerodynamic response time. u is the fluid
velocity in the neighborhood of the particle, � f is the fluid
density and 	 is the kinematic viscosity of fluid. The values
of relaxation times �p and �T are calculated relative to the
Kolmogorov time scale and are found to be equal to �p /�k
=3.384
10−3 and �T /�k=6.439
10−3, respectively. Here �k
is the Kolmogorov time scale. Also the diameter of the par-
ticle is comparatively smaller than the Kolmogorov length
scale �dp /�=0.04� thus indicating that the particles are en-
trained in the fluid turbulent eddies.

The Brownian force FBi �25� is given as in Eq. �2�.

FBi = Gi�216

�

	kBT

� fdp
5��p

� f
�2

Cc�t	
1/2

�7�

Gi is the Gaussian random number with zero mean and unit
variance. Cc is known as the Cunningham correction factor.
kB is the Boltzmann constant and T is the initial temperature
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of fluid. kBT is known as the thermal energy and at room
temperature �0.4
10−20 J�.

The contribution of thermophoretic effect �26� FTi in Eq.
�2� can be given by

FT = −
6�dp	2Cs�kr + 2.18 Kn�

��1 + 3 
 1.14kr��1 + 2kr + 4.36 Kn�
1

mpT

�Tf

�xi
.

�8�

Though the thermophoretic force has been first proposed for
particles suspended in gas, McNab and Meisen �27� had pro-
posed a formula similar to one used by authors while formu-
lating the thermophoretic force equation for 1 m particles
suspended in water and n-hexane. The equation was later
also proposed as a thermophoretic force acting on nanopar-
ticles suspended in liquids by Das et al. �28�. In Eq. �8�, kr is
the thermal conductivity ratio of nanoparticle to base fluid.
Kn is the Knudsen number defined as Kn= 2�

dp
where � is the

mean free path of the fluid molecule. Cs�=1.147� is the ther-
mal slip coefficient and

�Tf

�xi
is the temperature gradient of

fluid in the xi direction. mp is mass of the nanoparticle.
The van der Waals force, Fvi is approximated as Casimir

effect �29� and is given as

Fvi =
Adp1dp2

12�dp1 + dp2�hi
2� , �9�

where dp1 and dp2 are diameters of two individual nanopar-
ticles with a distance h between them. A is called as Ha-
maker constant and is of order of 10−19 J �29�. � is called the
London retardation wavelength and is set to 100 nm. As

particles come in contact, Eq. �8� predicts that the colloidal
force is infinite because h reduces to zero. In order to prevent
singularity as h reduces to zero in the solution, a cutoff dis-
tance of 0.2 nm was implemented in the calculations based
on the relative magnitudes of all the forces acting on the
particles. When particles are closer than the cutoff distance,
particles are allowed to coagulate and a new diameter is cal-
culated based on the sum of two coagulated particle diam-
eters.

TABLE I. The simulated cases, used for the study the effect of
the volume fraction of nanofluids on the convective heat transfer of
nanofluids, are shown.

Material
Particle diameter �d�

�nm� Volume fractions ���

Cu 100 0.1%, 0.5%, 1.0%

Al2O3 100 0.1%, 0.5%, 1.0%

FIG. 1. Temporal evolution of kmax� and kmax�� along time is
shown in the plot. Values of kmax� and kmax�� are always greater
than one, thus ensuring accurate resolution of small scale structures
and accurate interpolation of fluid velocities.

FIG. 2. Effective Nusselt number of Cu�100�/DIW and
Al2O3�100 nm� /DIW nanofluids are plotted at different volume
fractions. Effective Nusselt number is observed to increase with the
increase of the volume fraction of nanofluids.

FIG. 3. Contours of instantaneous velocity vector, deformation
tensor II and square temperature gradient Gi

2 are shown for Cu�100
nm�/DIW nanofluids at different volume fractions. �a� Cu�100 nm�/
DIW nanofluid at �=0.5%; �b� Cu�100 nm�/DIW nanofluid at �
=0.1%; �c� Cu�100 nm�/DIW nanofluid at �=1.0%. Change in the
values of II with the change of the volume fraction of nanofluids is
observed to be negligible. However, the contour plot of Gi

2 shows a
significant increase in its values as the volume fraction of nano-
fluids increases.
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Time-dependent, three-dimensional Navier-Stokes equa-
tions are solved in a cubical domain with the periodic bound-
ary condition. The nondimensional equations for fluid can be
expressed as

� ûi

�t
+ ûjûi.j = − p̂,i +

1

Re
ûi,j j + Qûi − F̂pi, �10�

ûi,i = 0, �11�

� �̂ f

�t
+ ûj

� �̂ f

�xi
= −

1

Re Pr

�2�̂ f

�xj
2 + û2�̄T + q̂2w. �12�

The cap “·̂” is used in the Eqs. �10�–�12�, indicating that
the values used here are nondimensionalized. This model,
which is often called as homogeneous thermal convection
model assumes that the temperature field can be decomposed

into the fluctuating part �̂ f subjected to periodic boundary

conditions and the constant mean part To. �̄T in Eq. �11�
denotes the mean temperature gradient in the x2 direction,
which effectively acts as a source term for the fluid tempera-

ture field. The nondimensional value of �̄T is taken as 1.0 in
the present simulations. Similar studies of homogeneous
thermal convection have been carried out previously to ex-
amine the relation between turbulent flow and heat transfer
�30–33�. The system considered here is a reasonable model
for a turbulent convection in the regions with approximately
constant mean temperature gradient far from the walls, e.g.,
reverse flow combustion chambers, fan less convection cool-
ing for personal computers. This model decouples compli-
cated boundary layer physics from the thermal convection

far from the wall. Thus the study will help in understanding
the physics behind the enhancement of convection heat
transfer in nanofluids without worrying about the boundary
layer physics. Another advantage of the system is the possi-
bility of utilizing an effective numerical simulation.

Other parameters used in Eqs. �10�–�12� are as follows. u
is velocity of the fluid, p is pressure field, Re is the Reynolds
number and Pr is the Prandtl number. Subscripts i and j
represent tensor notations; and subscripts “, i” and “, j” rep-
resent differentiation with respect to xi and xj, respectively. Q
is the linear forcing applied in the momentum equation to
obtain a stationary isotropic turbulence. The method fol-
lowed to obtain the stationary isotropic turbulent flow is
identical to the method followed by Rosales and Meneveau
�34�. The linear forcing coefficient used in the present simu-
lations was Q=0.0667. Stationary turbulence was obtained at
Taylor’s Reynolds number of 33.01. The Prandtl number in
the present model was taken as 5.1028, which is the Prandtl
number of water at 300 K.

Fpi is the net force exerted by the particles on fluid and is
shown in Eq. �13� �35�. Np is the total number of particles in
the computational domain. ��x−xn� is the Dirac delta func-
tion. vn is the velocity of nth particle and u�xn� is the velocity
of fluid at the position of the nth particle. Though the two-
way coupling effects of the Brownian force and thermo-
phoretic force are not directly included into the particle mo-
mentum source term, velocity of the particle used for the
two-way coupling interaction is collected after the updating
the forces acting on the particles. Thus, the two-way cou-

FIG. 4. Distribution of Gi
2 and the terms in the Gi

2 evolution
equation; Pc2, dissipation and dissipation are shown for �a� Cu�100
nm�/DIW nanofluids at �=0.1%; �b� Cu�100 nm�/DIW nanofluid at
�=0.5%; �c� Cu�100 nm�/DIW nanofluid at �=1.0%. The contour
of Gi

2 shows a significant increase in its values at volume fraction of
1.0%.

FIG. 5. Distribution of Gi
2 and the negative and positive terms of

Pc3 are shown for �a� Cu�100 nm�/DIW nanofluids at �=0.1%; �b�
Cu�100 nm�/DIW nanofluid at �=0.5%; �c� Cu�100 nm�/DIW
nanofluid at �=1.0%. Distribution of positive value of Pc3 is very
small and is not significantly influenced by the change of the vol-
ume fraction. However, the negative value of Pc3 is found to be
significantly increased with the increase of the volume fraction of
nanofluids.
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pling effect of Brownian force and thermophoretic force are
indirectly accommodated into the particle source term.

Fpi =
1

� f


n=1

Np mp�u�xn� − vn�
�p

��x − xn� . �13�

As indicated in the introduction, the authors use a tem-
perature coupling term, q2w, to couple particle temperature
source to the fluid temperature equation. This term, similar to
momentum coupling term, is introduced into the model as a
point source. The source term q2w arises because of the con-
vective heat transfer to and from the particle. The coupling
term is calculated by applying the action-reaction principle
to a generic volume of fluid �here considered as a grid cell�
containing a particle. q2w is given by Eq. �14�. Tp

n is the
temperature of nth particle and � f�xn� is the fluid temperature
at the position of nth particle. Values of u�xn� and Tf�xn� at
the position of nth particle are obtained by interpolation.

q2w = 

n=1

Np Nu

2

�� f�xn� − Tp
n�

�T
��x − xn� . �14�

III. NUMERICAL METHODS AND FLOW
CONDITIONS

Isotropic domain with periodic boundary conditions was
used for the simulations. Fluid was initially considered to be
still with particles homogeneously suspended in the domain.
A 1283 grid size was used and the governing partial differ-
ential equations were approximated with a semidiscrete
Fourier-Galerkin spectral method, employing exact dealias-
ing via the 3/2 rule �36�. The resulting partial differential
equations were advanced in time using the low-storage,
third-order Runge-Kutta scheme described by Spalart et al.
�37�. The method advanced linear terms implicitly and non-
linear and inhomogeneous terms explicitly.

In order to check the grid resolution, the authors plotted
the values of kmax� and kmax�� with the change of time in
Fig. 1. kmax is the maximum wave number of the simulation,
� is the Kolmogorov length scale, and �� is the temperature
microscale. The plot shows that the values of kmax� and
kmax�� are greater than one throughout the simulation. Eswa-
ran and Pope �38� and Balachandar and Maxey �39� showed
that values of kmax� and kmax�� greater than one ensure an
accurate resolution of small scale statistics as well as an ac-
curate interpolation of the fluid velocities and fluid tempera-
tures at the particle positions.

Simulations were performed using dual core AMD work-
stations �3 GHz CPU, 2 GB RAM processor chip� located at
the Wayne State University Multi-scale Fluid Dynamics
Laboratory. The simulations were terminated after 300 time
steps. Nondimensional time step of 0.0009 was used for the
time integration.

IV. RESULTS

The effects of volume fraction of nanofluids, size of nano-
particle and the material of nanoparticle are discussed in the
sections below. The mechanism of increase of convective
heat transfer in nanofluids is also analyzed. The Nusselt
number of the fluid was calculated using the formula �31,40�
provided in Eq. �15�.

Nu = 1 +
�u2�̄T� f�

�
�15�

where � is the thermal diffusivity of fluid.

A. Effect of volume fraction of fluid

To study the effect of the volume fraction of nanofluids on
the convective heat transfer rate, the authors performed
simulations of Cu�100 nm�/DIW �de-ionized water� and
Al2O3�100 nm� /DIW nanofluids. The cases used for this
study are shown in Table I.

Calculated values of Nusselt number were normalized
with the Nusselt number of water. The normalized values
�effective Nusselt number� are plotted against the volume
fraction of nanofluids in Fig. 2. As observed in previous
studies the values of Nusselt number were found to increase
with an increase of volume fraction of nanofluids. Figure 2
also shows the effective Nusselt number of Cu�100 nm�/DIW
nanofluids at different volume fractions obtained from the

TABLE II. The normalized spatial average values of Gi
2, Pc2 and Pc3, are shown here for different volume

fractions of Cu�100 nm�/DIW nanofluids. The spatial average values of Gi
2 and Pc3 are observed to be

increasing and the spatial average values of Pc2 are found to be decreasing with the increase of the volume
fraction of nanofluids.

Cu�100 nm�/DIW nanofluid
volume fraction percentage ��� �Gi

2� / ��Gi
2��0.1% �Pc2� / ��Pc2��0.1% �Pc3� / ��Pc3��0.1%

0.1 1 1 1

0.5 1.223 0.949 3.416

1.0 1.335 0.919 9.129

TABLE III. The simulated cases, used for the study of the
effect of particle size on the convective heat transfer of nanofluids
are shown.

Material
Volume

fractions ���
Particle

diameter �d�

Cu 0.5% 75 nm, 100 nm, 150 nm

Al2O3 0.5% 75 nm, 100 nm, 150 nm
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correlation given in Xuan and Li �17�. The correlation is
shown in Eq. �16�.

Nunf = 0.0059�1.0 + 7.6286�0.6886Ped
0.001�Renf

0.001 Prnf
0.4

�16�

where Ped is the Peclet number, Renf is the nanofluid Rey-
nolds number and Prnf is the Prandtl number of nanofluid.

It is evident that the values calculated by the present
simulations are comparable with the values obtained from
the correlations. The maximum deviation of the present val-
ues from that of the correlation is 2.04%. The effective Nus-
selt number of Cu/DIW nanofluids is greater than that of the
Al2O3 /DIW nanofluids. The effect of the material on the
convective heat transfer of nanofluids is discussed later in the
paper. One of the drawbacks of the correlation given in Eq.
�16� is that the Reynolds number and Prandtl number of
nanofluids could not be calculated directly. These values
should be obtained from the experimental values of the ef-
fective thermal conductivity of nanofluids and the viscosity
of nanofluids. These information of Cu�100 nm�/DIW nano-
fluids could be obtained from Xuan and Li �18�. However no
such information is available for Al2O3�100 nm� /DIW
nanofluids, which prevents the authors from comparing
the data obtained from their simulations of
Al2O3�100 nm� /DIW nanofluids. To observe the effects of
Brownian force and thermophoretic force on the Nusselt
number of nanofluids, simulations were performed on
Cu�100 nm�/DIW nanofluids for 0.1%, 0.5%, and 1.0% vol-
ume fractions. It was observed that the Nusselt number �not
shown in figure� for these nanofluids was under predicted
from about 6–9 % when compared to the present values. It
suggests that the nanoparticle forces such as Brownian force
and thermophoretic force have significant effect on the con-
vection heat transfer of nanofluids.

It is well known that velocity field influences the gradi-
ents in the temperature field and thus can enhance the heat
transfer rate in the fluid. In order to study the influence of
volume fraction of nanofluids on the velocity field and the
temperature gradients, the instantaneous velocity vectors,

contour of deformation tensor II�=��ui /�xj���uj /�xi�� and
square temperature gradient Gi

2 �Gi=�� f /�xi� are plotted in
Fig. 3 for Cu/DIW nanofluids at different volume fractions. It
is observed that II, which represents the ratio of strength
between strain and rotation in the fluid �41�, has a large
negative value in each of the vortex regions where the ve-
locity vectors exhibit rotational pattern. Change in the value
of II with the change of the volume fraction of nanofluids is
observed to be negligible. This can be due to the fact that the
drag effect of particles of nanofluid on the fluid flow is neg-
ligible. However, the contour plots of Gi

2 show a consider-
able increase in their values as the volume fraction of nano-
fluids increases. The results suggest that the steep gradients
observed in the temperature which increase with an increase
in volume fraction of nanofluids, are not influenced by the
change in the velocity field.

To achieve further insight into the effect of volume frac-
tion of nanofluids on the values of Gi

2, the transport equation
of square temperature gradient has been derived as shown in
Eq. �17�.

�

�t
�1

2
Gi

2� = −
1

2
S�Gjui.j

Pc1

− GiGjSij

Pc2

+ �� �Gi

�xj
�2

Dissipation

− �
�2

�xi
2�1

2
Gi

2�
Diffusion

+ �extra term due to particles�

Pc3

.

�17�

FIG. 6. Effective Nusselt number of Cu/DIW and Al2O3 /DIW
nanofluids, for 0.5% volume fraction, are plotted at different par-
ticle sizes. Effective Nusselt number is observed to decrease with
the increase of particle diameter.

FIG. 7. Contours of instantaneous velocity vector, deformation
tensor II and square temperature gradient Gi

2 are shown for 0.5%
volume fraction of Cu/DIW nanofluids at different particle diam-
eters. �a� Cu�75 nm�/DIW nanofluid at �=0.5%; �b� Cu�100 nm�/
DIW nanofluid at �=0.5%; �c� Cu�150 nm�/DIW nanofluid at �
=0.5%. Change in the values of II with the change of the particle
diameter is observed to be negligible. However, the contour plot of
Gi

2 shows a significant increase in its values as the volume fraction
of nanofluids increases.
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The first two terms on the right-hand side of the equation
are the production caused by the mean temperature gradient,
Pc1 and that generated by the deformation of the velocity
field, Pc2. Both the production terms are compared and it was
observed that Pc1 remains to be about 1/70 of Pc2. Thus the
contribution of Pc1 to the budget of Gi

2 is very low and hence
it has not been considered for the study of the effects of
various parameters of nanofluids. The last term on the right-
hand side of the Eq. �17� represents the influence caused by
the two-way interaction between the particles and fluid tem-
perature field to the budget of Gi

2. The increase in the values
of Gi

2 with an increase of the volume fraction of fluids can
only be caused by two factors, which are �a� the influence of
particle dispersion on the fluid velocity field and �b� the in-
fluence of two-way interaction between particle and fluid
temperature field. It is already shown in Fig. 3 that the influ-
ence of particle dispersion on fluid velocity field is very
small. Thus the production caused in the values of Gi

2 should
be due to the two-way interaction term. Thus the last term on
the right-hand side of Eq. �17� is assumed to be a production
term and is represented as Pc3.

It will be proved from the further examination of contour
of each individual term that the assumption made here, by
the authors, is right. The term Pc3 was calculated by subtract-
ing all the others terms on the right-hand side of Eq. �17�
from the term on the left-hand side.

Distribution of Gi
2 and the terms in the Gi

2 evolution equa-
tion �Pc2, dissipation and diffusion� are shown for the
Cu�100 nm�/DIW nanofluids at different volume fractions in
Fig. 4. It is evident that the increase in the temperature gra-
dients in fluid field with an increase of the volume fraction of
nanofluids is not due to the production term Pc2. The influ-
ence of the volume fraction on the values of Pc2 is observed
very small. Thus the increase in the magnitude of Gi

2 must be

due to the term Pc3. Figure 5 depicts the distribution of Gi
2

and Pc3 at different volume fractions of Cu�100 nm�/DIW
nanofluids. The values of Pc3 have both positive and negative
values, which are displayed in the left and right hand sides in
Fig. 5. Distribution of positive value of Pc3 is very small and
is not significantly influenced by the change of the volume
fraction. However, the negative value of Pc3 is found to be
significantly increased with the increase of the volume frac-
tion of nanofluids. Moreover, the high temperature gradients
are found to be distributed in the regions of high magnitudes
of Pc3. Behavior of particles in the regions of high tempera-
ture gradients, though is interesting to analyze, is beyond the
scope of the present paper. However, Li and Peterson �42�,
Bleecker et al. �43�, and Zahmatkesh �44� have all shown
that the presence of large temperature gradients influence the
movement of particles. Particles usually tend to move away
from the region of high temperature gradients.

Spatial average values of production terms, Pc2 and Pc3
are shown in Table II for Cu�100 nm�/DIW nanofluids at
different volume fractions. The values are normalized with
the value of 0.1% volume fraction case. It can be seen that
the average value of Pc2 decreases with the increase of the
volume fraction. It is well known that the increase in the
particle volume fraction increases the particle drag, even
though it is very small for nanofluids, thus attenuating the
turbulence in the fluid. This attenuation of turbulence in the
fluid might be causing the decrease in the average value of
Pc2. However, it was already shown that the influence of
particle dispersion on the production of Gi

2 is negligible. The
average value of Pc3 is observed to be increasing steeply
with an increase in the volume fraction.

FIG. 8. Distribution of Gi
2 and the terms in the Gi

2 evolution
equation; Pc2, dissipation and dissipation are shown for �a� Cu�75
nm�/DIW nanofluid at �=0.5%; �b� Cu�100 nm�/DIW nanofluid at
�=0.5%; �c� Cu�150 nm�/DIW nanofluid at �=0.5%. The contour
of Gi

2 shows a significant decrease in its values for the particle
diameter of 150 nm. However, this decrease in the values of Gi

2 is
not due to the production term Pc2. The magnitude of Pc2 is not
influenced by the increase of the particle diameter.

FIG. 9. Distribution of Gi
2 and the negative and positive terms of

Pc3 are shown for �a� Cu�75 nm�/DIW nanofluid at �=0.5%; �b�
Cu�100 nm�/DIW nanofluid at �=0.5%; �c� Cu�150 nm�/DIW
nanofluid at �=0.5%. Distribution of positive value of Pc3 is very
small and is not significantly influenced by the change of the par-
ticle size. However, the negative value of Pc3 is found to be signifi-
cantly decreased with the increase of the particle diameter.
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The study of square temperature gradients revealed that
the two-way interaction term has very high influence on the
temperature fluctuations of the fluid and the temperature
fluctuations increase with an increase in the volume fraction.
High temperature gradients formed in the fluid cause the wa-
ter molecules to move away from the region, thus increasing
the mixing of the flow and hence increasing the heat transfer
rate. These high temperature gradients and fluctuations
formed in the fluid with an increase of the volume fraction of
nanofluids enhance the heat transfer rate due to mixing, as
was observed from the values of effective Nusselt number in
Fig. 2.

B. Effect of the particle size

To study the effects of particle size on the convective heat
transfer of nanofluids, simulations were performed using Cu
and Al2O3 nanoparticles suspended in water. The volume
fraction of nanofluids used in these simulations is 0.5%. The
details of various parameters are tabulated in Table III.

The effective Nusselt number values for various cases
shown in Table III are plotted in Fig. 6. The effective Nusselt
number value of nanofluids is increased by about 35% in the
case of Cu�75 nm�/DIW. However, with the increase in par-
ticle diameter, the effective Nusselt number is observed to be
decreasing.

In order to observe the effect of particle dispersion on
fluid velocity field with the increase of particle diameter,
contours of instantaneous velocity vector and II are plotted
in Fig. 7. It is evident that the particle dispersion does not
affect the fluid field significantly. However, the distribution
of Gi

2 shows high temperature gradients in case of Cu�75
nm�/DIW nanofluids. The temperature gradients decrease
with an increase of the particle diameter. Decrease in the
value of Gi

2 could be due to the decrease in the magnitude of
two-way interaction between particle and fluid with the in-
crease of particle size. The values of �T are directly propor-
tional to particle diameter. The increase in the value of �T
should decrease the value of q2w as can be seen from Eq.
�13�. The distributions of Gi

2, Pc2, dissipation term and dif-
fusion term shown in the Eq. �17� are plotted for Cu/DIW
nanofluids at different particle sizes in Fig. 8. The influence
of particle size on the production term Pc2 is not significant
as has also been observed in the previous section, thus indi-
cating that the influence of particle dispersion on the effec-
tive Nusselt number is small.

The values of Gi
2 and Pc3 are shown for Cu/DIW nano-

fluids in Fig. 9. Pc3 is observed to have both positive and
negative values. The positive values of Pc3 which can be
considered as the diffusion term has very small values and
thus its influence on the Gi

2 can be assumed to be negligible.
The negative part of Pc3, which acts as production term in
Eq. �17� is observed have larger magnitudes at smaller par-
ticle diameter. The values of Gi

2 are clearly influenced by the
negative part of Pc3. The spatial average values of Gi

2, Pc2,
and Pc3 are tabulated in Table IV. Number of particles of 150
nm being much smaller than the number of particles of 75
nm �8 times the number of particles for 150 nm case� in
0.5% volume fraction of Cu/DIW nanofluids, turbulence at-
tenuation caused by the 75 nm particles will be higher than
the other cases. Thus, the spatial average values of Pc2 are
observed to be decreasing with the decrease of particle size.
However, the decrease in the production term with the de-
crease of particle diameter is significantly lower and does not
influence the values of Gi

2. The spatial average values of Pc2
are clearly increasing with the decreasing particle diameter.

C. Effect of material

The effective Nusselt number plots shown in Figs. 2 and 6
clearly show the effect of material used in the convective

FIG. 10. Distribution of Gi
2 and the negative and positive terms

of Pc3 are shown for �a� Cu�75 nm�/DIW nanofluid at �=0.5%; �b�
Al2O3�75 nm� /DIW nanofluid at �=0.5%. Distribution of positive
value of Pc3 is very small and is not significantly influenced by the
change of the particle size. However, the negative value of Pc3 is
found to be significantly increased for Cu/DIW nanofluids when
compared to that of Al2O3 /DIW nanofluids.

TABLE IV. The normalized spatial average values of Gi
2, Pc2 and Pc3, are shown for different particle

diameters of 0.5% volume fraction of Cu/DIW nanofluids. The spatial average values of Gi
2 and Pc3 are

observed to be decreasing and the spatial average values of Pc2 are found to be increasing with the increase
of the particle diameter.

Cu�100 nm�/DIW nanofluid
��=0.5%� particle size �d� �Gi

2� / ��Gi
2��75 nm �Pc2� / ��Pc2��75 nm �Pc3� / ��Pc3��75 nm

0.1 1 1 1

0.5 0.976 1.021 0.574

1.0 0.841 1.050 0.268
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heat transfer of nanofluids. The effective Nusselt number of
nanofluids with Cu nanoparticles was greater than the effec-
tive Nusselt number of nanofluids with Al2O3 nanoparticles.
From the previous sections it is evident that the effect of
particle dispersion on convective heat transfer coefficient is
negligible. Thus, the authors concentrated only on the Pc3
term. The distributions of Gi

2 and the negative and positive
parts of Pc3 for Cu�75 nm�/DIW and Al2O3�75 nm� /DIW
nanofluids reveal that the negative part of Pc3 is larger for the
Cu�75 nm�/DIW nanofluids �Fig. 10�. Increase in the values
Pc3 and corresponding increase in temperature gradients in
fluid for Cu�75 nm�/DIW nanofluids can also be observed
from Table V. The spatial average values of Gi

2, Pc2, and Pc3
show that the spatial average value of Pc3 of Cu�75 nm�/
DIW nanofluids is about 60% larger than that of
Al2O3�75 nm� /DIW nanofluids. It suggests that the two-way
interaction between the fluid and particles in Cu is larger
than that of Al2O3.

From Eq. �15� it is evident that the values of Nusselt
number are strongly dependent on the temperature fluctua-
tions. To observe the effect of material on the temperature
fluctuations, the spatial averaged temperature fluctuations are
tabulated in Table VI for Cu/DIW and Al2O3 /DIW nano-
fluids for different particle sizes. The temperature fluctua-
tions in Cu/DIW nanofluids are observed to be about 1.5
times greater than the corresponding Al2O3 /DIW nanofluids.

V. CONCLUSIONS

Numerical simulations have been performed by using the
Eulerian-Lagrangian method on the convective heat transfer
of Cu and Al2O3 nanofluids under the turbulent flow condi-
tions. The numerical data calculated for Cu/DIW nanofluids
at different volume fractions showed a reasonable match
with the correlation data of experiments. The effects of vol-
ume fraction of nanofluids, nanoparticle sizes and nanopar-
ticle material were studied. The effective Nusselt number of
nanofluids was observed to increase with the increase of

nanofluids volume fraction. The study of square temperature
gradient evolution equation revealed that the influence of
particle dispersion on convective heat transfer of nanofluids
is not very significant. Enhancement of Nusselt number in
nanofluids is mainly due to the two-way interaction between
the fluid and particle temperature. However, the particles
used in the simulations were fairly large. Further study using
smaller particle diameters is necessary to analyze the effect
of particle dispersion on convective heat transfer of nano-
fluids. The study of particle size effect showed that the ef-
fective Nusselt number increases with the decrease of par-
ticle size. Two different particle materials used in the
simulations �Cu and Al2O3� showed that the use of Cu par-
ticles in nanofluids was more effective for convective heat
transfer when compared to the Al2O3 particles.
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APPENDIX: TURBULENT SCALES

An important concept in turbulent flow is that of energy
cascade. That is, the kinetic energy fed to turbulence goes
primarily into large eddies, from which it is transferred to
smaller eddies, then to still smaller ones, until is dissipated
converted to heat by viscous forces. Therefore, within a tur-
bulent flow there exists a spectrum of turbulent eddies. The
large eddies have length scales comparable with those of the
flow itself �45�. The smallest eddy size in a pipe flow can be
given by the equation �45�,

�/lo  Re−3/4. �A1�

Assuming a flow conditions of Re=5500, diameter of pipe
�D�=1 mm one gets the value of �2.5 m. Since length
scales of the turbulent eddies are larger than the nanoparticle
sizes. Thus nanoparticles are transported into the turbulent
eddies effectively.

TABLE V. The normalized spatial average values of Gi
2, Pc2,

and Pc3, are shown here for 0.5% volume fraction of nanofluids of
different particle materials. The spatial average values of Gi

2 and
Pc3 are observed to be decreasing and the spatial average values of
Pc2 are found to be increasing for Cu material when compared to
the Al2O3.

Nanofluid
��=0.5%�,
d=75 nm
material �Gi

2� / ��Gi
2��Cu �Pc2� / ��Pc2��Cu �Pc3� / ��Pc3��Cu

Cu 1 1 1

Al2O3 0.976 1.013 0.589

TABLE VI. Percentage difference in the temperature fluctua-
tions of Cu/DIW and corresponding Al2O3 /DIW nanofluids.

Nanofluid � f

% enhancement between
the corresponding Cu
and Al2O3 nanofluids

Cu�75 nm�/DIW 0.0837 38.9%

Al2O3�75 nm� /DIW 0.0602

Cu�100 nm�/DIW 0.0627 52.3%

Al2O3�100 nm� 0.0412

Cu�150 nm�/DIW 0.0356 32.8%

Al2O3�150 nm� 0.0268
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